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1. Introduction 

In recent years, it has been realised that the notion of a G-structure is a powerful 
tool in classifying supersymmetric geometries in supergravity theories. It has been 
succesfully and fruitfully applied in numerous interesting contexts, for example 
0. The strategy is simple. One assumes the existence of at least one Killing 



spinor. The existence of a Killing spinor is equivalent to the existence of a set of 
globally defined bilinears, specifying the G-structure, which are invariant under the 
isotropy group G of the spinor. Applying the Fierz identities to the bilinears allows 
the deduction of algebraic relations between them. Next applying the Killing spinor 
equation to the bilinears determines the intrinsic torsion of the G-structure in terms 
of the bosonic fields of the theory. If the theory contains any additional fermions, the 
vanishing of their supersymmetry variations implies additional algebraic relationships 
between the bosonic fields. When one has derived the complete set of constraints, 
one substitutes them back into the supersymmetry transformations and shows that 
they are also sufficient for supersymmetry. One thus arrives at a set of necessary and 
sufficient conditions for a bosonic configuration to admit at least one Killing spinor. 
However the existence of at least one Killing spinor generically implies that some 
but not all of the equations of motion and Bianchi identities are identically satisfied, 
so some subset thereof must still be imposed on the most general field configuration 
consistent with the constraints. The standard G-structure scheme should thus be 
thought of as providing the most general supersymmetric ansatz for the supergravity 
in question. 

The standard G-structures formalism has proven to be extremely powerful, and 
useful from the point of view of explicitly constructing new solutions, in simple lower 
dimensional supergravities with few supercharges. In these simple cases the compu- 
tational effort required to arrive at the general ansatz is also fairly minimal. However 
as the dimensionality of spacetime and/ or the number of supercharges increases, the 
constraints implied by the existence of a single Killing spinor become proportionately 
weaker, and the most general ansatz becomes broader. Though the reduced prob- 
lem of solving the remaining field equations for the most general supersymmetric 
ansatz is very much simpler than trying to solve the original full set ah initio, it 
is generically hard to do. For example, while it is conceptually beautiful that the 
most general supersymmetric ansatz for d = 11 supergravity may be explicitly com- 
puted 0, [|10[, the ansatz is not enormously useful, given current techniques, when 
it comes to explicitly generating new solutions. Furthermore, calculating the ansatz 
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for more complicated theories using the standard approach requires a lot of (in fact, 
largely redundant) computation. For a theory such as IIB, the ammount of calcu- 
lation required to derive the ansatz using the standard procedure would be truly 
gargantuan. 

There are thus two related improvements to the standard procedure which are 
required to fully realise the power the G-structure formalism. The first, of a purely 
technical nature, is to give a more efficient means of performing the calculations. 
The second is to give a systematic formalism for classifying configurations preserving 
more than one supersymmetry. Some attempts in this direction have been made, for 
simple supergravities, using a mixture of G-structure and integrability techniques 
[0], |jl8|, ||19|. However this approach will not really be viable for more complicated 



theories; it would be preferable to have a universally applicable formalism which uses 
G-structure language throughout, as was done (in a purely Riemannian context) in 
[0]. Requiring a configuration to admit more than one Killing spinor would imply 
more constraints on the bosonic fields of the theory. Furthermore it would also imply 
that more of the field equations and Bianchi identities would be identically satisfied. 
Thus a refined G-structure classification scheme would be much more useful from 
the point of view of explicitly constructing supersymmetric solutions. The objective 
of this paper is to propose a means of implementing these improvements to the 
standard procedure, illustrated in the context of SU{2) gauged supergravity in seven 
dimensions, a theory with sixteen real supercharges. 

The technical novelty employed, which in fact renders a refined classification 



tractable, is to fully exploit throughout the calculation a point raised in The 
point is that any spinor defines a preferred orthonormal basis of spacetime, and in 
this basis the associated G-structure simplifies dramatically, and the spinor is in fact 
constant. For example, in the seven dimensional context of this paper, we will see 
below that a single null spinor defines an {SU{2) x R^) x R structure. A single pair 
of null symplectic majorana spinors (we will work with symplectic major ana spinors 
throughout) may be fixed by the projections 

r^^e^ = ^e^ 
r^V = ie\ 

rV = e\ (1.1) 

in the basis 

ds^ = -2e+e- + 5ije'e^ + {e>f. (1.2) 

The four dimensional Riemannian manifold with metric Sije^e^ will be referred to as 
the base. The various bilinears may be trivially computed without having to invoke 
the full Fierzing machinery, and have constant components in this spacetime basis. 
This is what was done in 
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We will take this simplification a stage further. The supergravity we analyse has 
two fermions, A and ip^^. Consider first the constraints implied by the vanishing of 5\. 
The standard way of analysing these would be to contract 5A = with all spinors 
of the form eF'-"^ up to three gamma matrices to form all possible combinations of 
bilinears, and deduce the implied constraints on the bosonic fields. However it is 
much more efficient to first impose the projections ( |1 . ID . Then as we shall see below, 
(5A = may be cast in the schematic form 

5\ = {q + iq^T^ + q'Vi + (r + ir^T^)V- + r'V-Vi)t = 0, (1.3) 

where the T"^ are the Pauli matrices, and we have suppressed symplectic Majorana 
indices. In doing this, we shall see below that we are rewriting 6X manifestly in 
terms of a basis for spinor space; by linear independence, each of the q, g^, q\ r, 
r^, r* must vanish separately. By imposing the projections and decomposing in this 
fashion, it is very much quicker to derive the constraints. Next consider the Killing 
spinor equation. The standard procedure for analysing the differential constraints 
would be to apply the full Killing spinor equation to each of the bilinears to deduce 
the various components of the spin connection. Again, this is not efficient. In its 
preferred basis, the spinor e has constant components, so in this basis the Killing 
spinor equation becomes schematically 

= ^uj^.^T'^'e + fluxes = 0, (1.4) 

and thus yields algebraic relations between the fluxes and the spin connection in the 
preferred basis. Again we may impose the various defining projections on e to reduce 
each spacetime component of the Killing spinor equation to the schematic form 

Si^, = {q, + iq^T"" + g^r, + {r, + tr^T^)T- + r;r-r,)e = 0. (1.5) 

Requiring by linear independence that each term in each spacetime component of 
the Killing spinor equation vanishes separately allows one to fix the spin connection 
in terms of the fluxes, and thus deduce the most general supersymmetric ansatz with 
a minimum of effort. This streamlined way of computing the constraints has also 
recently been advocated in [pO|. 



Having sketched the technical innovation used to reduce as much as possible 
the ammount of computation required for the broadest ansatz, we now turn to the 
question of refining the classification. We will assume the existence of the single 



null Killing spinor defined by the projections ( |1 . 1|) , and wish to compute the further 
constraints on the bosonic fields of the theory for it to admit an arbitrary additional 
linearly independent Killing spinor. An important observation in organising the 
refined classification is the following. Incorporating additional Killing spinors can 
have one of two effects. Either the existence of an additional Killing spinor implies a 
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further global reduction of the structure group of the frame bundle (so the structure 
group is reduced from G to some subgroup), or it implies additional restrictions on 
the intrinsic torsion of the existing G-structure. To illustrate this point, consider the 
basis of sixteen spinors defined by the projections (with no sum on i) 



pl2 1 

i Hi) 


■ 1 2 


pl3 1 


= 


pl4 1 

i Hi) 


■ 3 1 


J- 


^ 4 



(1-6) 

for all sixteen possible combinations of = ±1. All these spinors are 

null, and they are all constant in the spacetime basis (|1.2|) . We denote them by 
(«!, 02, as, a4), and also introduce the notation 



11"' = 7, (1-7) 

3 

\{a^ = f5. (1.8) 



A=l 

Our basis spans the space of spinors in the theory, so any additional Killing spinor, 
whether timelike or null, must be a linear combination of these spinors; for an arbi- 
trary additional Killing spinor ex-, 

N 

= ^f(i)e(i), (1.9) 
1=1 

where the sixteen /(j) are real functions. We may rewrite our basis spinors in terms 
of our fiducial Killing spinor e = (+,+,+,+,); the three other basis spinors with 
7 = 1, /5 = 1 may be written as 

iT\ (1.10) 

since these obey the appropriate projections. Next the four basis spinors with 
(7,/5) = (+, -) are given by 

re, (1.11) 
while the two sets of four basis spinors with (7,/?) = (—,+),(—,—) are 

(r-e, iV-T^e); T-Ve, (1.12) 

respectively. Hence an arbitrary additional linearly independent Killing spinor is 
given by 

eK = {s + iS^T^ + SiV + r-{e + ie^T^ + eir))e, (1.13) 
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and we recognise in equations (|1.3|) and ( |1.5|) precisely the decomposition of the 
super symmetry variations on the basis. Now, we will compute the common isotropy 
group of the spinor and the fiducial Killing spinor e for various choices of the 
sixteen functions specifying e^-. We note that basis spinors with 7 = 1 are annihilated 
by r+: 

r+e(,) = 0, 7(i) = l, (1.14) 
while basis spinors with 7 = — 1 are annihilated by F", 

r-e(,)=0, 7W = -1- (1-15) 

Furthermore, since (3 labels minus the chirality of the basis spinors on the four 
dimensional base, anti self dual linear combinations of the F*-' annihilate basis spinors 
with /? = 1; for a two form A-^ ^ which is anti self dual on the base but otherwise 
arbitrary, 

4-)f%) = 0, /3(,) = 1. (1.16) 

Throughout this work, for any object with two antisymmetric indices j on the base, 
the superscripts (+) and (— ) will denote respectively the selfdual and antiselfdual 
projections on i, j. Our choice of orientation, together with all other conventions, is 
given in Appendix A. Next, basis spinors with (3 = —1 are annihilated by selfdual 
linear combinations; for an arbitrary selfdual form A^^\ 

4+)f%)=0, /3(.) = -1. (1.17) 

Therefore, the most general element of the Lie algebra of Spin{l, 6) which annihilates 
the fiducial Killing spinor e is 

B^K'lj'^^r^ + BiV^' + 5F+^ (1.18) 

which generates the group {SU (2) x R^) x R; the K"^ are a triplet of anti selfdual forms 
obeying the quaternionic algebra. However, the three additional Killing spinors with 
(7,/?) = (+, +) are also annihilated precisely by (|1.18| ); all the spinors in the four 



dimensional subspace spanned by the (+, +) basis spinors share the same isotropy 
group. Thus, additional linearly independent Killing spinors of the form 

eK = {5 + i5^T^)e (1.19) 

do not imply any further reduction of the structure group. However, they will imply 
further restrictions on the intrinsic torsion of the {SU (2) x R^) x IR structure. Since 
none of the other twelve basis spinors are annihilated by ( |1.18|) , we see that an 



{SU{2) X R^) X R structure is compatible with having one, two, three or four linearly 
independent Killing spinors. 
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Next consider Killing spinors which are linear combinations of (+, +) and (— , +) 
spinors, 

eK = {5 + i6^T^ + r-{e + ie^T^))e, (1.20) 

with at least one of the 9, 6^ ^ 0. An arbitrary (— ,+) spinor is annihilated by 
a different {SU{2) x R'^) x [R c 5*^^^(1,6); the most general Lie algebra element 
annihilating such a spinor is 

B'^K^i'^^r^ + BiT-' + BT-^. (1.21) 

Thus in this case the common isotropy group of the spinors e, ex is SU (2), generated 
by 

B^K^^'^^r^, (1.22) 



and so additional Killing spinors of the form ( 1.20 ) reduce the structure sroup to 
SU{2). There are eight linearly independent spinors with this common isotropy 
group, so given the existence of the fiducial Killing spinor, an SU (2) structure is 
compatible with the existence of 2, 3,..., 8 linearly independent Killing spinors. The 
more Killing spinors there are, the more restrictive the constraints on the torsion will 
be. 

It is clear how to proceed. Next consider a Killing spinor of the form 

= (5 + z5^T^ + 5iP)e, (1.23) 

with at least one of the 6i ^ 0. The (S'f/(2) x IR^) x R isotropy group of a (+, — ) 
spinor is generated by 

^AjMA^ij ^ ^.p+i ^ ^^ 24) 

so in this case the common isotropy group of the spinors e, ex is IR^, generated by 

BiT+' + BT+\ (1.25) 

As in the SU{2) case, there are eight linearly independent spinors with this common 
isotropy group, so given the existence of the fiducial Killing spinor, an R^ structure 
is compatible with the existence of 2,..., 8 linearly independent Killing spinors. 

It is easy to verify that assuming the existence of Killing spinors which are more 
general linear combinations of the basis spinors than the three cases discussed above 
imply that the structure group is reduced to the identity. Such a structure, given the 
existence of the fiducial Killing spinor, is compatible with the existence of 2,3,.. .,16 
linearly independent Killing spinors. 

In the refinement of the G-structure classification scheme proposed here, configu- 
rations admitting multiple linearly independent Killing spinors are naturally classified 
according to the structure group, rather than the number of Killing spinors. We have 
seen how we can have G = {SU (2) x R^) x R and four linearly independent Killing 
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spinors, or G = Id and only two. This is somewhat different to other approaches, 
for example generalised holonomy |^T|-p3|, where the aim has always been to clas- 



sify configurations according to the number of preserved supersymmetries. From 
our perspective, this is rather unnatural; the most significant feature of a supersym- 
metric configuration in the G-structure formalism is the structure group. Then for a 
given structure group, demanding more supersymmetries imposes progressively more 
severe constraints on the intrinsic torsion. 

The most efficient way that we have been able to find of computing the additional 
constraints implying and implied by the existence of arbitrary additional Killing 
spinors is the following. Denote the supersymmetry variations 6X, 5ip with parameter 
ck as A^eT^, V^ex- Since we may write ex = Qe, for some Q of the form of equation 
( |1.13| ), we observe that since e is Killing, eK is Killing if and only if 



[AA,Q]e = 0, (1.26) 
[V^,Q]t = Q. (1.27) 

Having evaluated the commutators, we may as before impose the projections satisfied 
by e to reduce these expressions to manifest linear combinations of the basis spinors, 
and by linear independence, each coefficient must vanish separately. The procedure 
may be iterated at will, for any desired choices of Q, consistent with any desired 
structure group. For simple supergravities, such as those with eight supercharges, 
the procedure given here should be easy to employ to perform a fully refined clas- 
sification, and should involve a modest amount of calculation. For a theory of the 
complexity of the one studied in this paper, with sixteen supercharges, the amount 
of computation required to perform a complete classification is much larger. This 
is because the most general additional linearly independent Killing spinor consistent 
with the existence of an identity structure is parameterised by sixteen real functions, 
and keeping track of all the terms in (|1.26| ), ( |1.27|) is technically involved. Additional 



Killing spinors consistent with the larger structure groups {SU{2) x IR^) x R, SU{2) 
and [R^ are somewhat easier to handle, since these are parameterised by four, eight 
and eight real functions respectively. Nevertheless, we have not performed the refined 
classification in its entirety; for the smaller structure groups, we have restricted to 
some illustrative examples, rather than pursuing the problem in full generality. How- 
ever, we emphasise that there is no conceptual difficulty in doing so; the calculations 
involved, while lengthy, are simple and repetitive, involving nothing more than eval- 
uating gamma-matrix commutators and imposing a fixed set of spinor projections. 

The traditional approach to finding supersymmetric solutions of supergravity theo- 
ries has been to make some ansatz for the bosonic fields, and then to use the su- 
persymmetry variations of the fermions to determine if there are any Killing spinors 
consistent with that ansatz. The G-structures programme can be thought of as the 
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exact converse of this; one makes an ansatz for the Kilhng spinors, and expresses 
the conditions for a spinorial solution of the supersymmetry variations of that form 
to exist as a set of constraints on the bosonic fields. The power of the formalism 
lies in the fact that the spinor ansatz can, if desired, be made completely general, 
whereby we mean that the constraints on the bosonic fields for N arbitrary linearly 
independent Killing spinors (for any desired structure group) to exist can be eval- 
uated, albeit with some effort, in any theory. What we have argued above is that 
the formidably complicated problem of determining the constraints on the bosonic 
fields for the general multi-spinor solution of the fermion supersymmetry transfor- 
mations to exist may naturally be organised into more manageable subproblems, 
with G-structures providing the organising principle. One may classify the possible 
types of multi-spinor ansatze according to the common isotropy group of the spinors. 
Then within each class one may deduce the constraints on the intrinsic torsion of 
the structure implied by the existence of any desired number of arbitrary linearly 
independent spinors within that class. 

The remainder of this paper is organised as follows. In section two we briefly de- 
scribe SU (2) gauged supergravity in seven dimensions. In section three we perform 
a streamlined analysis of the constraints implying and implied by the existence of 
a single null Killing spinor, and introduce coordinates for the problem. In section 
four, with a modest assumption of the form of the Yang-Mills fields of the theory 
introduced for computational convenience, we perform a complete classification of 
multi-supersymmetric configurations admitting a strictly {SU{2) ix R^) x R struc- 
ture. It is shown that a second Killing spinor with the same structure group as the 
first exists if and only if the Yang-Mills fields are truncated to a U{1) subgroup. 
The existence of a third Killing spinor with the same isotropy group implies and 
is implied by the vanishing of the Yang-Mills fields, and implies the existence of a 
fourth Killing spinor. In section five wc study configurations with an SU{2) struc- 
ture; neccessary and sufficient conditions for the existence of an additional Killing 
spinor of a specific form are derived, and also all configurations admitting eight 
Killing spinors fixed by the same SU{2) are explicitly classified. We illustrate the 
effect incorporating additional Kilhng spinors has on the torsion of the SU{2) struc- 
ture by deriving known AdS^ solutions of the theory from our ansatz, and generalise 
these solutions to construct (singular) membrane solutions with AdS^ worldvolumes. 
Configurations with IR^ structures arc the topic of section six. In section seven we 
discuss identity structures, providing explicit examples. Section seven contains our 
conclusions, and a discussion of the applicability of the formalism to the complete 
classification of supersymmetric configurations in eleven dimensions. In appendix A 
we give our conventions, and appendix B lists a set of projections satisfied by e which 
we use throughout. In appendix C we give the components of the spin connection. 
Appendix D contains the integrability conditions for the theory. 
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2. The supergravity 



Minimal SU{2) gauged supergravity in seven dimensions was first constructed in 



2^ but with numerical typos, which were corrected in ||25|. In our conventions, the 



bosonic lagrangian density for the theory is 

- ^e-*G,.,.F.A .^,M.p..Ax _ y^^y (2.1) 



Compared to we use the same conventions for the Riemann tensor but Hawking 
and Ellis conventions for the Ricci tensor and scalar. We have also rescaled \f^4> 
and the forms by F V2e'^F, G V^e'^^G, A(i),(3) y2A(i),(3). The potential 
is given by 

V{(j)) = -60m2 + 10(m')^ (2.2) 
where m is a function of the single scalar field 0, 

m = --he-^^ - —ge'^, (2.3) 
5 10^ ' ^ ^ 

with g the gauge coupling (we have rescaled the coupling in by 5^ — >• g/V^) and 



h the (constant) topological mass. The supersymmetry variations of the fermions 
are given by 



SX- = y^r^D,<p + -^T^^^F,, \ i> + -^Y^-f^G^^p, e'^ - v^m'e^ (2.4) 
2 2v5 24v5 

+ mT,e--igA;,e\ (2.5) 



and the parameter is a symplectic-Majorana spinor, whose properties are summa- 
rized in appendix A. 

Let us introduce the following notation. Let Ap, Bq be p- and g- forms respec- 
tively. Then 

A^B,,...a,., = ^^A''-''B,„„,^a,,„^^_^. (2.6) 



- 10 - 



The equations of motion and Bianchi identities are 



rf(e-2<^G) = 0, (2.7) 

d{e'^F^) = ge^^'^e^F'' A A^, (2.8) 

P = 5V^0 - AGjG + F^jF^ -V = 0, (2.9) 

Q = i.{e'^'t>d ^ {e^'t'G) - ^F^ A F^ + She-^'^G) = 0, (2.10) 

= ^(e'^d * (e-<^F^) - ge^^^'e'^ F^ A - 2F^ A G) = 0, (2.11) 

Efj,u = Rfj.u — - (^G^a/B-rG^ "^"^ — —g^_tuGa/3'r5G°'^^^^ — 5df^(f)d^(l) 

- [f^f^- - Yq9^.f^pP^-^) - la,."^ = 0- (2-12) 



When h = 0, the theory hfts on an 5*^ to the NS sector in = 10 |2|]. When hg > 0, 
it hfts on an S*^ to c? = 11 ^7_\. When h ^ 0, there is a subtlety in imposing the 



four- form field equation. The reason is that the 3- form ^4(3), which is massive, would 
have twenty on-shell degrees of freedom if it satisfied an ordinary second order field 
equation. However the 3-form in the 7d supergravity multiplet should have only 
ten on-shell degrees of freedom. This is achieved by imposing the odd-dimensional 
selfduality equation [EH]: 



e^'f'^G- -{e'f'F^ A A^ - ^e^^^ A^ A A^ A A^) + %hA^^) = 0. (2.13) 

Note that the exterior derivative of this equation is just -kQ. Imposing the Bianchi 
identity and Q = fixes ^1(3) up to an arbitrary closed three form. The closed three 
form is then determined by demanding that A(3) satisfies ( [2.131 ). In the examples 
given below, we will explicitly impose the Bianchi identity and Q = 0, but leave the 
determination of the closed three form in ^4(3) implicit. 



3. Configurations admitting at least one null Killing spinor 
3.1 The G-structure 

It is instructive to verify, using the standard formalism, that a single null spinor in 
seven dimensions defines an {SU{2) x IR^) x R structure. It was shown in |l^ that 
we can define the following spinor bilinears 

e-e^ (3.1) 

e^T^e\ (3.2) 

e"^^.e^ (3.3) 

^r,,pe'. (3.4) 



/ 



(ab) 
"'V„, 



abj 

Q(a6) 
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From the reality properties of the gamma matrices and the symplectic Majorana 
condition, the vector and the two-form I^j^y are seen to be real, while instead the 
scalars and the 3-form can be rewritten as 



f\ = -z/ {T^)\ (3.5) 
n\ = -iX^ {T^)\, (3.6) 

with X^^p, A =1,2, 3, real. {T'^Tb = l/2(a^)"fe are generators of the SU{2) Lie 
algebra, being the Pauli matrices, and obey 

(T^)^ {Ty. = ^5^^ 6: + '-e^^^ iT^Tc (3.7) 

One important consequence of the Fierz identity ( [A.ll|) is that V"^ is either time- 
like or null 

V' = -\9^9^. (3.8) 

The case of a single timelike spinor has been analysed in a previous work ^9] . Here 
we want to identify the G-structure associated a single null spinor, a spinor such that 
= 0. From the Fierz identities we may deduce 

ivi = 0, (3.9) 

JjJ = (3.10) 

= V^Vr (3.11) 

These imply that 

I = VAK, K^ = l, . (3.12) 
Furthermore from the Fierz identities we may deduce the projection 

K^T^'e^ = e", (3.13) 

together with 

ivX^ = iKX^ = 0. (3.14) 
Let us introduce a null orthonormal basis where 

V = -e+, K = e^ (3.15) 
ds"^ = -2e+e~ + Sije'e^ + {e^f, (3.16) 

i,j = 1, ..,4, and we choose an orientation 

^+-12345 ^ ^ ^3^^7) 

Then from the seven dimensional duality relation for the gamma matrices, ( p.l3| ) 
becomes a chirality projection in the six Lorentzian dimensions orthogonal to K. It 
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is well known |^9[ that a pair of symplectic Majorana-Weyl spinors (or a single Weyl 
spinor) defines an SU{2) k IR"^ structure in six Lorentzian dimensions, so our seven 
dimensional structure is simply {SU{2) k R^) x R. Now from the results of 0, we 
may immediately read off the form of the X^: 

= 2e+ A J^, (3.18) 
J^)J% = e^^^J^\ - S^^'Sl (3.19) 

With our choice of conventions, the are selfdual on the base with orientation 

The single spinor obeys the projection ( |3.13| ) and 

J^r^e^ = 8iT^le\ (3.21) 

We may completely fix the spinor by requiring that in addition to ( p.l3| ) it obeys the 
projections 



r^V = ie\ (3.22) 

so that the take the canonical form 

Jl = el2 + e3^ J2^-el3 + e2^ = + e^l (3.23) 

For performing the calculations of the constraints it is very useful to have a set of 
projections satisfied by e which are implied by the defining projections. We give such 
a set in appendix B. 

3.2 Constraints for supersymmetry 

Now we solve the constraints 5\ = Stp^ = for the single spinor e. In order to reduce 
as much as possible the computation required we will work with icG, the dual of the 
four form G. Hopefully without risk of confusion, we also denote the dual by G. 
Where ambiguity can arise we will explicitly indicate the rank of the form. In terms 
of the dual G, the supersymmetry variations of the fermions are 

v^5A'^ = ^^^(/.r^e'^ + '-F^J^^'^T^y - Ic^.^r^'^'^e'^ - 5m'e^ (3.24) 
-tgA^T^e' + mV.e^ (3.25) 
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3.2.1 Constraints from = 

Consider first the supersymmetry variation of SX. We will in fact use two shortcuts 
from a previous work [jT9[. The first is that ivd(f) = 0. Also, on the assumption that 
e is Killing, we have that iyF^ = 0. Thus 

d.cp = 0, (3.26) 
F^, = 0. (3.27) 

An implication of these is that the only place terms with a single F" can arise in 6X 
is in Gfj^i^fjT^'^^ . Also, all terms with a single F"*" drop out, since F"''e = 0. Consider 
the F~ terms. These may easily be computed to be 

-F-[G_i5r + J^'^T^]e. (3.28) 

By linear independence, each of these must vanish separately. Hence 

G-i5 = 0, (3.29) 
gL"^] = 0. (3.30) 

Now all remaining terms in 5A = may be converted into terms containing no 
gamma matrices or a single gamma matrix on the base. The terms with a single 
gamma matrix are given by 



re, (3.31) 



and each component of the one form in square brackets must vanish. Finally, the 
terms involving no gamma matrices are of the form {A + i B^T"^)e, and by linear 
independence we must have A = B"^ = 0. This implies that 

G+^s + ^^50 - 5(m + 2/ie-^^) = ^i^f J^*^ (3.32) 

= -le^''F,P^'^jS. (3.33) 

This completes the analysis of ^A'-*-' = 0. 
3.2.2 5ip^ = 

Next we turn to the analysis of the Killing spinor equation. We will use another 
result from namely that for null Killing spinors, 

= ivG -d(f)AV - Ahe-^^I, (3.34) 

so that is a Killing vector and 

uJ^u- = G^.- + id(j) A e+)^, + 4/ie-^^e+ A e^)^,. (3.35) 
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Also we wish to comment on the choice of gauge. We always can, and will, choose 
the gauge iyA"^ = 0. We also know that iyF^ = 0. Therefore if v is the coordinate 
along the integral curves of V, we have that is independent of f , in the gauge 
iyA'^ = 0. Therefore since we still have the freedom to perform w-independent gauge 
transformations, we may always choose a gauge such that 

A^ = A^ = 0, (3.36) 

and this is the gauge we work in henceforth. Now we know that each spacetime 
component of the Killing spinor equation can be reduced to the form ( |1.5|) given in 
the introduction. All terms involving a single F"*" drop out. Furthermore, we have 
explicitly checked that all the terms of the form 

(q^ + T-{r^ + tr^T^ + r^r))e (3.37) 

vanish identically as a consequence of the constraints we have already derived. Thus 
the Killing spinor equation reduces to 

S^, = {iq^T'' + q,,r)e. (3.38) 

Using the projections of appendix B, it is easy to see that the spin connection compo- 
nents ujfj_i5 contribute only to the g^jFV terms, the u^^J components drop out, and the 
uj^^j components contribute only to the iq^T^e terms. The surviving components 
of the spin connection may be fixed in terms of the fluxes by demanding that the 
linearly independent terms ( |3.38|) vanish. Thus, from the + component of 5?/'^ = 
we find 

= G'+i] - 2^+5Jij^ (3.39) 
o;+,5 = G'+,5-i^+,A. (3.40) 
From the — component we deduce 

uj^ = 0, (3.41) 
uj_i5 = 0. (3.42) 

The 5 component gives 



= 49,0 + + le^.kiG^'K (3.44) 



3 



Finally from the i component we get 

3 
2 



- i^fc^-^J^', (3.45) 
u;.,,J^^'' = 2gAf-Fi + e^^<'Fp^\ 

- (3a,0 + G+_,)J^^, (3.46) 
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This concludes the analysis of dip^ = 0. The practical advantages of calculating the 
necessary and sufficient conditions for supersymmetry in this fashion are obvious. 
From the integrability conditions of Appendix D, we may deduce that it is sufficient 
to impose the Bianchi identity for the Yang-Mills fields and G(4), the field equation 
for G(4), the + component of the Yang-Mills field equation and the ++ component 
of the Einstein equation on this supersymmetric ansatz. All other field equations are 
satisfied identically. 



3.3 Introducing coordinates 

In this subsection we will introduce coordinates for our problem. Our null Killing 
spinor induces a natural coordinate system in which the associated symmetries of 
the metric are manifest. Closely following |Tri|, we introduce coordinates {v, u, z, x^^) 



such that the vectors dual to the basis one forms are 

e+ = --, 

d B 



(3.47) 



2 3v^^Yu P-^**' 

e' = e'^d^. (3.50) 



Inverting we get 



= -L-\du + X), (3.51) 

e- = dv + ^J^du + Bdz + z/, (3.52) 

e' = C{dz + a), (3.53) 
e' = ei^dx^^. (3.54) 

We have in fact fixed some of the gauge freedom in the metric. Now repeating an 
argument given in we can deduce that L, JF, B, C, A, z/, a and e\j; may all be 
taken to be independent of v. The components of the spin connection for this metric 
were computed in |Ty]. We have performed the trivial modification to adjust to our 



slightly different conventions, and we give the result in appendix C, where we use 
the following notation. Let Q be a q-form on the base, satisfying CyQ = 0: 

Q = ^Q{u,z,x^^)m, mJx^^' A...Adx^'^^. (3.55) 

Define the exterior derivative restricted to the base 

dQ = ^^^QM^.^M.+^dx""' A ... A dx^'+S (3.56) 
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and denote the Lie derivatives with respect to ^ and ^ acting on such forms by 
duQ-i dzQ respectively. Then, defining 

VQ = dQ-aAd^Q + XA duQ, (3.57) 

we have 

dQ = VQ- Le+ A d^Q + C-^e^ A d,Q. (3.58) 
Finally we define the following quatities: 

Mij = Sikid^e^, (3.59) 
Kj = Sik{d,e% (3.60) 

From the expression for the spin connection components in appendix C, we may 
rewrite the constraints a;_j5 = = as 

X = X{u,x), (3.61) 
DA(+) = 0. (3.62) 

3.4 Refining the classification 

In this section we have given the full set of neccessary and sufficient conditions 
for the existence of a single arbitrary null spinor. In the next four sections we 
will illustrate the computation of the constraints associated with the existence of 
additional spinors, for each of the four possibilities for the structure groups. As 
discussed in the introduction, this involves computing the expressions 

[AA,Q]e = 0, (3.63) 
[V^,Q]e = 0, (3.64) 

for a choice of Q compatible with the desired G-structure, and reducing them to 
canonical form, as a manifest sum of basis spinors. As has been stated, to do this 
for the most general choices of Q requires a lot of computation, and we will not 
perform the refined classification in full generality. For the structure groups SU{2), 
and the identity, we will restrict attention to illustrative examples, for particular 
choices of Q. This means that we will make specific ansatze for the additional Killing 
spinors. Also for computational convenience, unless otherwise stated we will restrict 
attention to bosonic configurations for which the Yang-Mills fields are of the form 

= Af{x)e\ 

= ^i^f (x)e^ A (3.65) 

but which are otherwise general. Note that this is the only assumption we make 
about the form of the bosonic fields; all the additional constraints we derive will 
follow as a consequence of the choice of Q. 
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4. {SU{2) K [R4) X R structure 



As we saw in the introduction, the simplest additional Killing spinors to incorporate 
are those which share the same isotropy group as the fiducial Killing spinor, and so 
imply no further reduction of the structure group. These spinors are parameterised 
by four real functions; given our assumption of the form of the Yang-Mills fields, we 
will completely analyse all {SU{2) k IR"^) x R structures with more than one Killing 
spinor. In the first subsection we will derive the constraints, and in the second 
subsection we will construct a class of solutions for which the structure group is 
strictly {SU (2) k (R^) x R and not some subgroup. 

4.1 Constraints 

Consider an arbitrary (+, +) spinor, which we denote by 

{6 + t6^T^)e. (4.1) 

As discussed in the introduction, assuming that this spinor is Killing does not imply 
any reduction of the structure group, but it does yield additional constraints on 
the intrinsic torsion. The commutators ( |3.63| ) for such spinors are easy to compute, 
since they just pick out the Yang-Mills terms in the supersymmetry variations. First 
consider 

[Aa, 6 + t6^T^] e = --F/^r^"" [T^, T^] e. (4.2) 
Reducing to canonical form, we get 

+ l(i^f J^^^5^ - i^f J^^^5^)T^)e. (4.3) 
Next consider the Killing spinor equation. The commutator is 



(4.4) 



10 

The — component is particularly easy to evaluate. It reduces to 

{d-5 + id-5^T^)e, (4.5) 

The + component is 

{d+5 + ^a+5^r^ + \v- [Aa, i5^T^] )e. (4.6) 
5 

The 5 component is 

(^5^ - \ [Aa, iS^T^] + id,8^T^)e, (4.7) 
and for the i component we have 

1 A ur< / 3 



e. 
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Now, requiring the vanishing of the commutators acting on e imphes the following 
algebraic restrictions on the Yang-Mills fields in terms of the parameters 5"^: 

^ABCpA^BjCi, = 0, 
SApBjBij _ ^BpAJB^J ^ q 

''J ''J 

^ABCpAi-)^BjC,^ = 0. (4.8) 

We also get a set of differential constraints on the 6, 6^ which are 

df,S = 0, (4.9) 
= = 856^ = 0, (4.10) 
= -(^e^^^Af 5^. (4.11) 

Since we have already assumed that e is Killing, and we have derived that 6 =const, 
we take 5 = 0. We also have 

5^ = 6^{x). (4.12) 

Given the Yang-Mills Bianchi identity, the integrability condition for ( [4.11| ) implies 
that e^^^ F^5'" = 0, and so implies the algebraic constraints. Therefore a bosonic 
configuration admitting the Killing spinor e also admits the Killing spinor iS^T'^e if 
and only if equation ( |4.11D is satisfied. By performing an x dependent SU (2) gauge 



transformation (thus preserving = A^ = A^ = 0) we may set 

(5^ = M^^, (4.13) 

for some constant k which can be eliminated by a constant rescaling, and so the 
existence of this Killing spinor implies and is implied by the condition that the 
Yang-Mills field is truncated to a U{1) subgroup, 

= A^ = 0, (4.14) 

Clearly, requiring the existence of a third linearly independent (+, +) Killing spinor 
would imply that 

A^ = 0, (4.15) 

and then the configuration automatically admits a fourth linearly independent spinor. 
Thus, the iSU{2) kR^)xR structure can admit one, two, or four linearly independent 
Killing spinors, depending on whether the Yang-Mills fields are SU{2), U{1) or zero. 
Incorporating additional (+, +) spinors implies no further constraints on G, cf) or u;, 
beyond those derived in section 2. From these results, we also see that when the 
Yang- Mills fields are truncated to a U{1) subgroup. Killing spinors always come in 
pairs; if ex is Killing, then so is the linearly independent spinor iT^ex-, since 
commutes with the operators in the fermion supersymmetry variations. Similarly, 
when the Yang-Mills fields vanish. Killing spinors always come in groups of four. 
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4.2 Examples 

Let us now present a family of solutions for which the structure group is strictly 
{SU (2) K R^) X IR and not some subgroup. It is easy to verify that the vacuum 
solution 

ds^ = {Ahz)-^{~de + dr^ + dz^ + ds^iMA)), (4.16) 

where M.^ is hyperkahler and IQh = g, satisfies all the constraints of section 2, 
and the ++ component of the Einstein equations is satisfied. Since the Yang- 
Mills fields vanish, these solutions admit Killing spinors in multiples of four. When 
Ai^ = R^, this is nothing but the maximally supersymmetric AdSf solution of the 
theory. Choosing any other hyperkahler base reduces the number of independent 
Killing spinors to four. One may show that demanding the existence of an arbitrary 
additional Killing spinor of the form ( |1.13D implies the constraints 

V,5,- = 0, (4.17) 

d^e = d^e^ = 0, (4.18) 

V^Oj = 2me6ij + mO^jf., (4.19) 



where V denotes the Levi-Civita connection on the base. Given that for vanishing 
Yang-Mills fields Killing spinors come in linearly independent groups of four, the 
existence of a single one form 5i satisfying ( [4.17] ) implies the existence of three more 
linearly independent solutions, and thus ([4.17|) implies that either 5j = or the 
base is flat. Similarly, since 6', 0^ are constant and V = 0, ( [4. 191) implies that 
[Vj, Vj]9k = 0, and the existence of one one form on the base satisfying this equation 
implies the existence of three more linearly independent solutions. Hence either 
6j = or the base is fiat. If the base is not flat, then we must have 6i = 6i = 
and, given m 7^ 0, that 9 = 9^ = 0. Thus the solutions ( |4.16| ) preserve precisely 



four supersymmetries, with a strictly {SU (2) k R'^) x IR structure, when the base is 
a non-fiat hyperkahler manifold. 



5. SU{2) structure 

In this section we will study configurations in the theory admitting an SU(2) struc- 
ture. We will first derive the constraints for the existence of a particular choice of 
additional Killing spinor. We will then derive neccessary and sufficient conditions 
for the existence of eight Killing spinors fixed by the same SU{2). Finally, we will 
discuss some illustrative explicit solutions. 

5.1 One additional Killing spinor 

Consider an arbitrary linear combination of (+, +) and (— ,+) spinors, which we 
denote by 

{5 + t5^T^ + T-{9 + t9^T^))e, (5.1) 
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and where at least one of the 6, 0^ ^ 0. To derive the constraints following from 
(5A = for this spinor, we must impose 

[Aa, 5 + + T-{e + ie'^T^)] e = 0. (5.2) 

We have already calculated the [A^, 5 + i5^T^] e terms, in the previous section. 
Calculating the commutator 

[A;,, ie^T-T^] e, (5.3) 

while entirely straightforward, is a tedious exercise. We will therefore restrict atten- 
tion to spinors with 9^ — 0, but 9 0. The 9 dependent terms in the commutator, 
reduced to canonical form, then become 

[Ax, 9T-] e = 9\- 5d+(j) + 2iJ'^'^G+ijT'^ + 2G+i5r + 2G+_iT-r - S^s^r" 

+ 2iG'5i,J^^^r-r^]e. (5.4) 



We may immediately deduce 

— n — A — r 



G+i, = = = 4tf = 0. (5.5) 



Then from the terms in [A;^, 5 + i5^T^] e, and using G^^j — 0, we obtain 

d+(f) = 0, (5.6) 

9G+ijJ^'^ = -^(i^f J^'M^ - Fp'^'^S''). (5.7) 

Next, commuting the — component of the Killing spinor equation, we deduce 

d^9 = 0, (5.8) 

d^S = -^(2(5m + Ghe-^'t') + -Fp^'^), (5.9) 

d_S^ - 0. (5.10) 

From the + component, we get 

d+9 = 0, (5.11) 

d+S = 9u;+5+, (5.12) 

= 0, (5.13) 

uj++i = 0. (5.14) 



The 5 component gives 



8^9 = 0, (5.15) 

= 9UJ55+, (5.16) 

d^S^ = 0, (5.17) 

uJ5+i = 0, (5.18) 
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and from the i component, we get 



d^9 = -9di(p, (5.19) 
diS = 0, (5.20) 
d,S^ = -ge^^^Af^"", (5.21) 



'^.ABc^l^M.) + = ei^G^ + G« - u,,), (5.22) 

\FiJ^''^ + 4he-'^)g., = Ff,^-^J% (5.23) 

As before, {^^2^ implies that e^^^i^f 5^ = 0. We may easily solve the differential 
equations for 6 to find 

e = ke-^, (5.24) 

for some nonzero constant k; by a constant rescaling of the spinor, we may take 
k = 1. Furthermore, since A^-^^B^ is in general symmetric and traceless on 
( p. 231 ) implies that 

pAjAio ^ -iQhe-^'P^ (5.25) 
i^f = 0. (5.26) 



Summary Given the form (|3.65|) of the Yang-Mills fields, the following conditions. 



in addition to those of section 2, are necessary and sufficient for a bosonic configu- 
ration to admit the Killing spinors e, (5 + id'^T^ + 6V')e, 6* 7^ 0. The functions 6', 5 
and 5"^ are required to satisfy 



e = 




d^6 = 


9, 


di6 = 


0, 


6^ = 


5^(x), 


d.S^ = 





Afd"-, (5.27) 
The matter fields are constrained according to 

-A4, _ 

2 



Gt^^) = {Ahe-^^ - ^e^)e+ A A + e+ A P^^ 



+ e~ AP^ ^ + AP^ ^ + ^ .^4 d(j), 

F^ = li^f+VAe^ 
2 

pAjAij ^ -iQhe-^^, 

,ABCpB JC^, ^ 

^ABCpB,C ^ ^5 28) 
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where ^^''2 3 are arbitrary anti selfdual two forms on the base, and ^4 denotes the 
Hodge dual on the base. Finally, there are the following constraints on the indepen- 
dent components of the spin connection: 

OJ — \-i — 0J5i5 — di(f), 
OJ+ij — —OJij+ — —Pi \ 

- -p(-) 



u,,kJ^^'' = 2gAf - 39,0J^^;, (5.29) 

and the remaining nonzero components may be read off from the equalities in ap- 
pendix C. It may be verified that it is sufficient to impose the Bianchi identities for 
the forms and the field equation for G, and all other equations of motion are implied 
by the existence of the pair of KiUing spinors. 

Clearly, demanding the existence of the second Killing spinor significantly re- 
duces the complexity of the ansatz, and much more of the field content is fixed in 
terms of the structure. Before considering some explicit examples, let us now turn 
to the classification of all solutions admitting a strictly SU (2) structure with eight 
supersymmetries. 

5.2 SU{2) structures with eight supersymmetries 

In this subsection, we will classify all configurations admitting eight linearly inde- 
pendent KiUing spinors sharing the common projection F^^^^e = e (note that this 
implies the common projection F''"~^e = — e). This is the maximal supersymmetry 
compatible with a strictly SU (2) structure. We will perform the classification in full 
generality, and we thus relax the assumptions made about the form of the Yang-Mills 
fields for this subsection. First consider the vanishing of 6X. Since this is linear in 
e and contains no derivatives, it must vanish when acting on each of the eight basis 
spinors individually. It is a simple matter to verify that this implies that the matter 
fields are restricted to be of the following form: 

G^5{m + 2/ie-^'^)e+ A A + ^G^S^jC- Ae' A + ^^^6+ A A 



1 5 
+ o^ti A A e^' + - M d(f). (5.30) 
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The vanishing of imphes that locally we may choose a gauge such that 

= Afe\ Thus, acting on any of the eight Killing spinors, the supercovariant 
derivative reduces to the following form: 

I?_ = V_ + ^(m + 2/ie-^'^)r+^ - ^(9i0r+^ - mr+, 

= V+ - ^(m + 2he~^^)V-'> - ]^d,<pV-' - ml", 

+ (m + 2/ie-^<^)ri + ^9,0 - igAfT"^ + mr. (5.31) 

By assumption, there exist four Killing spinors of the form (5 + i5^T^ + V~'{6 + 
i9^T^))e, with four distinct choices of the functions 9, 9^, at least one of which is 
nonzero in each case, and none of which is zero for all four. Let us evaluate [D^, Q] e 
for one of these Killing spinors. From the — component, we find the constraints 

d^9 = d-9'^ = 0, 

d_6 = -2(5m + Qhe-^'^)9, 

= -2(5m + 6/ie-^'^)0^. (5.32) 

Next, from the + component, we find 

d+9 = d+9^ = = 0, 
d+S = -9uj++5, 

= -9^uj++5- (5.33) 

The 5 component gives 

d,9 = 8,9^ = = 0, 

^55^ = (5.34) 

Finally, consider the i component, and in particular, the constraints derived from 
the vanishing of the r~*e term. These read 



-9FtkJ'') + -i^f r + Ah9e-'"t>g,, + 2he-^W''J,j = 0. (5.35) 

Recall that each is anti selfdual. Then extracting the antisymmetric part of 
( |5.35|) , and further decomposing in selfdual and anti selfdual parts, we find 

F,p^ = 0, 

hJ^9^ = 0. (5.36) 
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Since by assumption there exist three hnearly independent Kilhng spinors with dif- 
ferent nonzero 6^, these equations imply that h = = 0. Since the Yang-Mills 
field strengths vanish, we may locally choose the gauge so that also = 0. Then 
since each commutes with the operators in the supersymmetry variations, we see 
that we may take four of the Killing spinors to be e, iT^e. It remains to determine 
the other four Killing spinors with nonzero 9, 9^. Since iT^ commute with the op- 
erators in the supersymmetry variations, once one of the Killing spinors, ex, with 
nonzero 9, 9^ is determined, the other three may be taken to be iT^ex- We thus 
only need to determine the single Killing spinor ex- The remaining constraints from 
the i component of the Killing spinor equation are 

di5 = did"^ = 0, 
di9 = -d,cP9, 
d,9^ = -d,ct>9^, 

Gij+ = (5.37) 
We may easily solve for the differential equations for ^, 9^ to find 

9 = ke-^, 

for some constants fc, k^, at least one of which is nonzero. Now, note from the 
differential equations for 5, 5^ that if A; = 0, then 5 is constant, and if k^ = 0, then 
is constant. These constants may be taken to be zero, since we are free to add to 
ex a constant multiple of the four Killing spinors e, iT^e. Let us thus write 

6 = k6', 

5^ = (5.39) 

with no sum on A in the second of these equations. Now for each nonzero k, k^, the 
associated 6', 6^' obey the same set of differential equations, which schematically are 

= B^. (5.40) 

Locally the solution exists and is unique, up to a constant which as before may be 
taken to be zero. Hence 

5 = kf{u,v,z,x), 
6"^ = k^f{u,v,z,x). (5.41) 



We may easily fix the v dependence of / from equation ( ^.32] ), finding 

f{u,v,z,x) = gv + f{u,z,x). (5.42) 



We must impose dif = 0, but the function / is otherwise arbitrary. Making a choice 
for it determines cu+^-s and cus+s through equations ( |5.33|) and ( ^.34| ). Thus 

eK = {kgv + kf + iT^k^f + e-'^T'{k + ik^T^))e, (5.43) 

and the remaining three Kilhng spinors are iT^ex- By taking hnear combinations 
with constant coefficients of these four spinors, we may in fact choose the set of four 
Kilhng spinors to be 

4 = (gv + f{u, z, x) + e-'^r-)e, (5.44) 

and iT^e'j^. We have thus determined all eight Killing spinors, and the necessary 
and sufficient conditions for their existence. It is intriguing to note that all eight 
may be generated by repeated application of the three matrices iT^, iT"^ and [gv + 
/'(u, z, x) + e~'^V~) to e, and also that the third one of these matrices is precisely of 
the form we derived in the previous subsection, for a single additional Killing spinor. 
Perhaps for all configurations with an SU (2) structure, the additional Killing spinors 
are of this form; that is, perhaps these are the only three matrices defining an SU (2) 
structure which, together with their products, can commute with Aa and T>^, when 
acting on e. We have not verified this conjecture. However, if it is true that there 
are only a few matrices Q that can generate additional Killing spinors Qe, then the 
problem of performing a fully refined classification will not be as formidable as it 
might appear. It will be interesting to explore this point in the future, and in other 
contexts. We will now turn to some explicit examples. 

5.3 Examples 

To illustrate the case of an SU (2) structure, let us first see how known AdS^ x 
solutions of the theory arise in our formalism. This will also illustrate the effect 
of additional Killing spinors on the intrinsic torsion of the structure. We will then 
generalise the construction, to obtain new ArfS's solutions. 

5.3.1 AdS^ X Mi solutions 

Let us make the following ansatz for a second independent Killing spinor: 

eK = {gv + V~)e. (5.45) 

This choice solves all the differential constraints on 6*, 5; also, it implies that ^7+5+ = 
a;55+ = 0, and 0=constant; without loss of generality, when =constant, by constant 
rescalings of the forms and the couplings we may take = 0. We will take the metric 
to be of the direct product form 

ds^ = L-\z)dudv + C\z)dz^ + hMN{x)dx^^dx^ . (5.46) 

For this choice of metric, the constraint uj ^5 = — (?/2 is equivalent to 

d,L = -gW, (5.47) 
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from Appendix C, wliicli is solved by 

L = {gzy\ C = (5.48) 
and so by rescaling z the metric in the H — 5 directions may be written as 

\{z\-de + dy') + '^-^), (5.49) 
g-^ z'^ 

which is the metric on AdS^ with AdS length 2g^^. Our choice of metric implies 
that -Pi 2 3 — O5 so the fluxes are 

G(3) = (4/i-|)e+Ae- Ae^ 

pA ^ jABjB^ ^5 

where 

f[AB] ^ 

/^^ = -Ah. (5.51) 

Since G is closed and coclosed, the Bianchi identity for G'(4) is automatically satisfied, 
while the field equation for G(4) is 

-8/i(4/i - |) - /^^/^^ = 0. (5.52) 

We may rewrite the final constraint of ( p. 291 ) in covariant form as 



V,Ji + ge^^'^Afjg = Q, (5.53) 



or equivalently, 

1 



Af = -^^e^^Cj^^^V.jf^. (5.54) 



8^7 

Imposing the Yang-Mills Bianchi identity then implies that 

f^^4 = ^J^^'RuH, ^ -^y (5.55) 
' 2g g 

Taking the of commutator of two SU (2) covariant derivatives acting on we may 
obtain 

jf'R,, = ^^+e^^^J^>^^% (5.56) 
where Rij is the Ricci tensor, and hence that 

R = Agf^^ = -16hg, (5.57) 
R 

Rij = j9ij, (5.58) 

where R is the scalar curvature of the base. Hence the Yang-Mills Bianchi identity 
implies that we must choose the base to be Einstein (with negative scalar curvature 
when hg > 0). The Yang-Mills fields are then determined by (|5.55|) , and once /"^^ 
is determined, ( |5.52| ) fixes h in terms of g. There are no further constraints, and all 
remaining field equations are identically satisfied. 
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Two Killing spinors Let us take the base to be H^, equipped with the metric 



= TT^^d^^ + T^AB^^^^), (5.59) 

where the a"^ are the right invariant one forms on an S*^, da^ = —^e^^'-'a^a'^. Let 
us choose the vierbeins to be 

e' = T^y, e' = -^y, e' = -^y, = --^^dr. (5.60) 



Then we may simply read off the full solution; we find that g = ^h, /i^ = ^, and 
the bosonic fields are given by 



ds^ = \ds\AdSs) + ^i^ds\H^), 
9 

= 0, 



5 

l 1234 



= -^(e^ A + -e^^^e^ A e^), 
2 



= -j^-ry- (5.61) 

- 1) 

This solution admits precisely the two Killing spinors e and ex = {gv + r^)e, and 
it may readily be verified that both of these spinors are null, as are their sum and 
difference. Uplifted to eleven dimensions, this solution is the AdS fixed point of 
the near- horizon limit of an M5 brane wrapped on a Cayley 4-cycle in a Spin{7) 
manifold |^ . 



Four Killing spinors Now suppose that in addition to the Killing spinors e, ex, 
we demand the existence of the Killing spinor T^e. This imposes F"^ = = 0, 
also it implies the existence of the fourth Killing spinor = T^{gv + r~)e. Since 
A"^ = = 0, we now have 

VJ^ = 0, (5.62) 

so the base must be chosen to be Einstein-Kahler, with F^ = g~^^, where 91 the 
Ricci form of the base. From the four form field equation we find g = 12h. The four 
spinors e, T^e, ex, ^'k ^^re null. However we know from |19[ that these solutions admit 



timelike spinors. It is easily checked that the four Killing spinors e±e'j^, T^e±eK are 
timelike. Uplifted to eleven dimensions, the metric is that of the AdS fixed point of 
the near-horizon limit of an M5 wrapped on a Kahler 4-cycle in a Calabi-Yau 4-fold 
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Eight Killing spinors Finally, suppose that in addition to the four Killing spinors 
of the previous paragraph, we demand the existence of the Killing spinor T^e. This 
imposes 




(5.63) 
(5.64) 

(5.65) 



and imphes the existence of the additional KiUing spinors T^e, T'^{gv + r~)€, T^{gv + 
r~)e. The three arc required to be covariantly constant on the base, which must 
thus be taken to be Calabi-Yau. As in the previous example, these solutions admit 
both timelike and null Killing spinors. Lifted to ten dimensions, they are just the 
familiar AdS^ x x M.^^ solutions of ten dimensional supergravity. 

The AdS examples we have given clearly illustrate the effect that the additional 
independent Killing spinors have on the torsion of the G-structure, which is SU (2) 
in each case. The base is progressively restricted from Einstein to Einstein-Kahler 
to Calabi-Yau, together with an associated truncation of the Yang-Mills fields from 
SU{2) to U{1) to zero, as additional KiUing spinors are incorporated. 

5.3.2 Generalisations: membranes with AdS^ worldvolume 

Let us now consider generalising the known solutions given above, by allowing for a 
non-constant dilaton. In fact, the only additional truncation of the matter fields we 
will make, beyond that implied by the required supersymmetry, is to set P123 — 0- 
Let us demand the existence of the second Killing spinor 



eK ^ {gv + e-'f'r-)e. 



(5.66) 



This implies that 0^+5+ = <^55+ = 0. Let us make the metric ansatz 



ds"^ — L ^(x, z)dudv -\- C'^{x, z)dz'^ + hmn{x)dx^ dx^ . 



(5.67) 



Now let us solve the constraints 



(5.68) 



These read 



^diL = -^diC = di(f), 



(5.69) 



which are solved by 



C = e-'^C{z). 



(5.70) 
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Next, the constraint 



becomes 



which as before is solved by 



d^L = -gCL, 
L = {gz)-\ C = 2L^/2_ 



(5.71) 
(5.72) 

(5.73) 



Given our metric ansatz, all the remaining constraints on the spin connection are 
satisfied, except for 

UijkJ^'^ = 2gAf - 3a,(/.J^V (5.74) 
Conformally rescahng the base according to 

h^4)^e^%4), (5.75) 

we find 

coijj^^'' = 2gAf, (5.76) 

where — e^'^J^, uJij^ is the spin connection on the base with metric /i(4), and for 
the remainder of this discussion all indices on "tilded" objects are raised with h^^ . 
The seven metric is thus 

ds^ = 4{ge^)-^(^z\-dt^ + dy^) + ^) + e^'^dS^ (5.77) 

the warped product of AdSz with some four-manifold. Next, imposing the Bianchi 
identity for (which we recall in our conventions for the field strength is of the 
modified form D{e'^F^) = 0), we find that 

F^j = {ge^r'Di^, (5.78) 

and as before that 

R = -16hg, (5.79) 

where the conformally rescaled metric h is either Einstein, Kahler-Einstein or Calabi- 
Yau, depending on whether the Yang- Mills fields are SU{2), U{1) or zero. It remains 
to impose the Bianchi identities and field equations for G. It is trivially verified that 
the four-form Bianchi identity, (i(e~^'^G'(4) ) = 0, is satisfied. Finally, the field equation 
for G(4) reduces to a single equation for 0: 

5 ~ 16 

-(VV + 5h'^di(j)dj(j)) - Ahg + h^e-^'^{32 + — ) = 0, (5.80) 

where n = 3 for SU{2) Yang-Mills fields and n = 1 for C/(l). When the Yang- Mills 
fields vanish, we must take h — 0. The examples in the previous subsection are 
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clearly = solutions of this equation. When </> is not constant, by making the 
definition 

^=l,og(/ + ^(2 + i)), (5.81) 

we find that / obeys 

VV - 8hgf = 0. (5.82) 
As a first example of a more general solution of this form, take the conformally 

3 

4/15' 



rescaled base to be H"^, with squared radius jl-, and metric 



dS^ = -f-fdr^ + sinh^ ddQl). (5.83) 

We take / = /(r), and thus obtain 

/" + 3cothr/'-6/ = 0. (5.84) 

Making the change of variable u = tanh^ r, and defining / = (1 — u)°'tjj, a = 
(3 + \/33)/4, converts this to hypergeometric form, 

u(l - u)^ + [c - (1 + a + b)u\^ - abip = 0, (5.85) 
du^ du 



with a = (3 + \/33)/4, 6 = (5 + v33)/4, c = 2. Depending on the solution we choose 
for we find that the metric is singular either at r = or r = oo, or both. The 
SU{2) Yang-Mills fields may be read off from ( |5.78|) . Imposing regularity at infinity, 
we choose ijj = F(a, b;l + a + b — c;l — tanh^ r); we find that for large r, the solution 
asymptotes to our previous AdS^ x H"^ example. To investigate the behaviour near 
r = 0, we define a new radial coordinate p = r^/^; the metric approaches that of a 
cone over AdS^ x S^, 

ds^ = dp^ + p\Rlds\AdS3) + Rlds\S^)), (5.86) 

and the dilaton blows up. The full solution preserves two supersymmetries. 

As a second example of a more general solution of this form, take the conformally 
rescaled base metric to be fiat, 

dS"^ = dr^ + r^dnl (5.87) 

This choice implies that = h = 0. Let us set / = /(r), so that up to an irrelevant 
multiplicative constant, 

/ = 1 + ^. (5.88) 
The seven dimensional metric is thus 

els'" = Ag-^{l + ^y^"' ds\AdS;) + (l + ^y"'ds\^''). (5.89) 
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Clearly, for large r the metric becomes that of AdS^xR"^. To investigate the behaviour 
near r = 0, let us define u = |a^/^r^/^. Near r = 0, the metric becomes 

ds^ = du^ + u^-r^ds^AdSs) + —ds\S^)), (5.90) 
\2bg 25 / 

which is again that of a cone over AdS'i x 5"^. Again, the dilaton blows up as we 
approach r = 0. The full solution preserves eight supersymmetries. 



6. [R^ structure 



Next consider an arbitrary linear combination of (+, +) and (+, — ) spinors, which 
we denote by 

{5 + i5^T^ + 5iT% (6.1) 

and where at least one of the 5i 7^ 0. It is convenient to introduce an orthonormal 
basis on the four dimensional base. Defining H"^ — 5i5'^, we choose the basis 



e 



A 



H-^jfiS\A=l,..,3, et = H-^5i. (6.2) 



In this basis, we have e^^^ — 1. We will thus write e^^'-'^ — e^^'-' . To avoid 
potential confusion with this mixing of spacetime and Yang-Mills indices, we will 
always place Yang- Mills indices on the J"^ and the F"^ "up" and spacetime indices 
"down" . However we will make no distinction between "up" and "down" indices on 
gAsc rpj^g components of the in this basis are 

J^4 = -<^^^ J|c = -^^^^- (6.3) 

For computational convenience, we will restrict attention to Killing spinors which are 
not of the most general form compatible with an structure, but which are rather 
of the form ^^r^e = HV^e. Evaluating 

[AA,<5,r]e = 0, (6.4) 

and employing the constraints of section three, we find the conditions 

G—ij Giji^ 0, 

e^^'^Fic = 20{m + 2he-^^), 

^ABCpB^ = e^^^Csc (6.5) 

Next, using OJ^'^ i, — —'^^eti deduce from commuting the — component of the 
Killing spinor equation that 

d^H = 0. (6.6) 
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Prom the + component we find 




(6.7) 



The 5 component yields 




(6.8) 



while the B component gives 




9 = 0, 

d4(j)gAB, 



^BCD 




(6.9) 



Since the gauge coupling g is required to be zero, an IR^ structure of the form we 
have assumed is only admitted in the ungauged theory. The remaining constraints 
may be derived from the 4 component of the Killing spinor equation, and we find 
them to be of the form 



We have thus derived the complete set of additional constraints on a bosonic configu- 
ration for it to admit the second Killing spinor diV^e. However, there are no solutions 
of this form in the gauged theory, since the couphng is zero. We have also verified 
that there are no vacuum solutions, or solutions with eight Killing spinors, with an 
structure in the gauged theory. We will not consider this case any further. 

7. Identity Structure 

Making a more general ansatz for a second Killing spinor than that consistent with an 
{SU{2) IX R^) X R, SU{2) or structure imphes that the structure group is reduced 
to the identity. The generic such Killing spinor is parameterised by sixteen real 
functions. Computing the constraints associated with the existence of such a spinor 
is a lengthy computational exercise. To illustrate the case of an identity structure, 
we will instead restrict attention to Killing spinors of the simpler form 



H 



const, 
0, 

G5ij — 0, 




(6.10) 




(7.1) 
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7.1 Constraints 

As in the previous section, we introduce an orthonormal basis on the base; as before, 
we define H"^ = 9^9^, and choose 



et = H-'jp^, et = H-%. (7.2) 
Commuting the dilatino variation, we may derive 

9+0 = 9,0 = = G^. = 0, 

Now, from the + component of the KiUing spinor equation, we get 

d^H = u;^^, = < = e^^^Fi, = a;^ = 0. (7.4) 
The 5 component gives 

1^5+5 = = "^554 = ^5iA = 0, 

a5(logi^ + 0) = 4/16"^"^. (7.5) 

Next from the — component we find 

d-H = uj — |.j = G — = Gijk = G-ij = 0, 

6^^^G5Bc = Fi^. (7.6) 

The A component yields the constraints 

QaH = UJA54 = LOABi = -^4B = 0) 

— Gij^. (7.7) 



Finally the 4 component gives 



d^H = UJ44A = 0. (7.^ 



These, in addition to the constraints of section 2, are the full set of neccessary and 
sufficient conditions on the bosonic fields of the theory for the existence of a second 
Killing spinor of the form (|7.1| ). We see that demanding the existence of such a 
Killing spinor, with its associated identity structure, implies a radical simplification 
of the general problem. In fact, we will make one further simplifying assumption. 
By inspection of the constraints on the spin connection, we see that de^ = if and 
only if e^^'-^G^BC = F§j^ = 0; we will assume that G^ab = 0. Then since de^ = 0, 
we may always choose our local coordinates such that = dz, that is, C = 1, cr = 0. 
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Summary Given the assumption that G^ab = 0, demanding the existence of the 
second Kilhng spinor ( [7. 1|) imphes that we may choose coordinates such that = dz, 



and that the matter fields and the function H are of the following form: 

= 0(^), 

H = H{z), 
G(3) =e+AgW, 

= iFi^e^ A e'', (7.9) 

where Q^^^ is a self dual form on the base. There are the following constraints on 0, 
H and F^: 

d, \og{He^) = Ahe-^"^, 

^ABCpA^ = 10(9^ log if + 2m). (7.10) 
The only nonzero independent spin connection components are the following: 
a;_+5 = -d^ log H, 

^+13 — 

uj^r^i = -d^ log 

^A,B = i^d^ log if + 5m)gAB + le^^^'FS^ - ^e^^^F^^, 

u;.AB = -ge^'^'^Af. (7.11) 



The degree of simplification in this case is quite remarkable. 
7.2 Examples 

Note that since = 0, ^ is Killing. We will for simplicity seek solutions with 

u!ij+ = Gij+ = 0. Then note that performing the rescalings 

e+ = iie+, e" = iie", = i^e^ = He\ (7.12) 

the constraints on cu+.s and to'454 imply that de~ = de^ = de^ = de^ = 0; thus locally 
we may introduce coordinates such that 

e"*" = du, 
e~ = dv, 
= dr, 

= dz. (7.13) 
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Note that we have redefined the z coordinate. Furthermore, since u is Kilhng, the 
base is independent of u. We have thus solved all the constraints on the spin con- 
nection except 

UJA^B = i^H-'d. hgH + 5m)gAB + ^e™F?D - I^^^'^'fEe, (7.14) 
u^^AB = -ge^^'^Af, (7.15) 

which we have written in terms of our new z coordinate. 

The Yang-Mills Bianchi identities together with ( [7.15| ) then imply that, as in the 
case of the SU (2) structure. 



1 
9 

where the are the curvatures of the right hand spin bundle of the base with 



e'^F^j = (7.16) 



metric 

ds^ = H\z)dr^ + Sabc^''. (7.17) 

Recall that = 0, and in addition to ( |7.14| ), ( |7.15| ) we have the additional con- 
straints, written in terms of our new z coordinate: 

d,hg{He^) = AhHe-^'^, (7.18) 
F^B = 0, (7.19) 
^ABCpA^ = l{){H-^d, log/7 + 2m). (7.20) 

Let us now consider some explicit examples. 

Two Killing spinors Recall that since the scalar curvature of the base is given 
hj R= J^'mfj = gJ^^^e'f'F^^ = -ge^e^^^F^c- Equation (Q) implies that i? is a 
function only of z. Let us look for a solution with a base of the form 

H\dr^ + p\z)ds\S'')), (7.21) 

so that 

= -(//p)~'e-V^^ = -(iJ-i^.logi/ + 2m)e^^^. (7.22) 

3 

We will seek a solution with h = 0, so that (|7. 18| ) implies that up to an irrelevant 
multiplicative constant, H = e~'^. Then writing H = f{z)e^^^^, the second equality 
of ( |7.22| ) becomes 

-p-^ = ^dJogf (7.23) 
Next, using the expression for the spin connection given in Appendix C, ( [7. 141) is 

9,(31ogp + 101og/) = 0, (7.24) 

and hence 

p' = (7.25) 
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for some constant (3. Hence we find that 

r''^' = 1^ + (7-26) 

and so shifting z to eliminate the constant a, the metric and dilaton may be written 
as 

^) e-^^/^ (7.27) 

This describes the near-horizon hmit of a JIB fivebrane wrapped on an associative 
three-sphere pT|. 



Four Killing spinors Let now us seek ?7(1) solutions; this is equivalent to de- 
manding the existence of the Killing spinor iT^t. Then we find that the f/(l) gauge 
field obeys F\j^ = 0, and hence that cuasi = —H~^dzlogH6iA, ^iA5 = ^iAi = 0. 
Hence the configuration also admits the Killing spinor HT'T^. We rescale e^, so 
that locally we can write the metric as 

rf^ = H^ds\R^) + ds\M2). (7.28) 

Consider solutions with = 0. Then H = —{Ahz)~^, F23 = 16h — g, and hence the 
scalar curvature of is 

R = -^{lQh~g), (7.29) 

and so 2 is either [R^, S'^ or H^, and is independent of the coordinates on the five 
othogonal directions. Hence we must impose uja5b = 0, A, B = 2, 3, and therefore 
12h = g. Thus the solution is the AdS^ x solution of Maldacena and Nunez [32], 
for which we have displayed the identity structure. 

Eight Killing spinors Finally, let us look for solutions for which the Yang-Mills 
fields vanish. This is equivalent to demanding the existence of the eight Killing 
spinors e, iT^e, HY'V^e. The vanishing of the Yang-Mills fields implies that uja5b = 
—dz log H Sab- Then rescaling the by H, we see that locally the metric can be put 
in the form 

ds^ = H\^dx''dx''. (7.30) 

Furthermore we must require 

dz log H = —2mH, 
dz\og{He^) = AHhe-^^. (7.31) 

Consider first the case of vanishing topological mass, h = 0. Then up to irrelevant 
constants, H = e~'^ = expy. This solution is nothing but the reduction to seven 
dimensions of the linear dilaton solution in ten. 



-37- 



When 7^ 0, let us look for a solution with = 0. We thus must have 16h = g, 
= (4/i^)~^. This is just the maximally supersymmetric AdS^ solution of the 
theory. 

8. Conclusions and outlook 

In this work, a systematic formalism for performing complete G-structure classifi- 
cations of supersymmetric bosonic configurations in supergravity theories has been 
presented, and illustrated in the context of li = 7, SU (2) gauged supergravity. The 
key notion for organising the classification is that of the common isotropy group of 
the additional Killing spinors. The formalism has been used to derive a set of con- 
straints associated wth the existence of various additional Killing spinors, and these 
constraints have been exploited to derive numerous explicit solutions. The emphasis 
in this paper has been on illustrating the formalism, and no great effort has been 
made to derive new solutions; clearly, there is scope for a more careful analysis of 
the constraints in the future. 

An important technical point that has been exploited throughout is that in 
performing G-structure classifications, it is unneccessary, and inefficient, to use spinor 
bilinears to derive the constraints; for more computational efficiency, it is much better 
to work directly with a specific spinor defined by a particular set of projections. The 
second key point that has been used is that given a single Killing spinor, any other 
spinor may be constructed from it by acting with a matrix Q in the Glifford algebra. 
The problem of completely classifying all supersymmetric configurations in a given 
supergravity may then be restated as determining all possible sets of such matrices Q 
which commute with the operators in the fermion supersymmetry transformations, 
when acting on the fiducial Killing spinor. 

The chief advantage of the G-structure formalism used here over other classifi- 
cation techniques is that the constraints one derives for the existence of the desired 
supersymmetries take the form of explicit algebraic constraints on the spin connec- 
tion and the matter fields, supplemented by first order differential conditions on the 
functions parameterising any additional Killing spinors. Presenting the neccessary 
and sufficient conditions for the existence of N Killing spinors in this form naturally 
lends itself to exploiting the classification in the construction of explicit solutions, 
rendering G-structurc classifications very useful for practical applications. 

The only drawback of the formalism is, of course, the ammount of computational 
effort required to compute the constraints in a theory of the complexity of the one 
studied here. It is to be expected that simpler theories, such as those with eight 
supercharges, would be much more tractable from the point of view of perfoming a 
refined classification in full generality, using the techniques of this paper; this will 
be interesting to investigate. And it is of course possible that there is a yet more 
efficient way of computing the constraints. The approach employed here is "bottom 
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up", in the sense that one first assumes the existence of a single Killing spinor, and 
then incorporates additional Killing spinors iteratively. For the analysis of more 
complicated super gravities, it would be very useful to have a complementary "top 
down" approach, so that one could start with maximal supersymmetry and weaken 
the constraints progressively, in a controlled fashion. This would be particularly 
useful for classifying configurations admitting more than one half supersymmetry, 
since in this case the structure group is neccessarily the identity, and this is the most 
complicated case to analyse using the iterative bottom up approach. 

An obvious application of the formalism presented here is to the long-standing 
problem of completely classifying supersymmetric configurations in d = 11. The 
possible structure groups in (i = 11 will coincide with the possible holonomy groups; 
these have been classified in [Q, and there are eighteen distinct possibilites. A G- 
structures analysis of the maximal structure groups {SU{5) and {Spin{7) k R^) x R) 
has been given in [Q, ||lOl. The first step in performing the complete classification 
will be to construct, from a fiducial Killing spinor, the spaces of spinors fixed by 
each of the other sixteen groups, as was done in the context of this paper in the 
introduction. Then it should certainly be practical to completely analyse the thirteen 
additional structure groups fixing at most eight Killing spinors; analysing the two 
groups {SU{2) and IR^) fixing at most sixteen will require considerably more effort. 
Finally, completely classifying the most generic case of an identity structure (which 
fixes at most thirty- two Killing spinors) will, without further insight, require an 
immense ammount of calculation. 

Nevertheless, a complete G-structure classification of all supersymmetric config- 
urations in eleven dimensions (or in any other supergravity) will be of significant 
value. An in-depth analysis of the constraints derived from a standard classification 
of simple five dimensional supergravities has already yielded some very interesting 



solutions, such as supersymmetric AdS^ black holes and supersymmetric 

black rings, [^-||39|. One would hope that a complete G-structure analysis in eleven 
dimensions would reveal a wealth of surprising new phenomena. 
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A. Conventions 

We work in almost plus signature, t]^,^ = diag {—,+,..., +). Seven dimensional 
spacetime indices are denoted by Greek letters /x, z/, . . . . Orthonormal indices on 
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the four dimensional base are denoted by lower case Roman letters, z, j,...; space- 
time indices on the base are denoted by upper case Roman letters M, N,... In an 
orthonormal frame the Dirac algebra is 

{r„r,} = 2g,,. (A.l) 

This tells us that Tq is antihermitian and the Fj (z = 1, . . . , 6) are hermitian. Follow- 



ing the appendix to Chapter 1 in ||33[ we have that the charge conjugation matrix C 
satisfies 

C^ = C, C^C = I, Tl = -CT^C-K (A.2) 
We can therefore choose 

C = I. (A.3) 

This implies that Fq is real and the Fj are imaginary. We will choose a representation 
(there are two inequivalent ones) such that 

FoFiF2F3F4F5F6 = -/. (A.4) 

We also have the identity 

(_)K2]+i 

We choose the orientation to be given by 50123456 = Our null basis is defined by 

e^ = ^{e'±e% (A.6) 
so that ^^^"^^ = 1. The orientation on the base is chosen to be given by e+^^J'^'s _ 

The Dirac conjugate of an anticommuting spinor e"' is defined as 

6a = (e'^)^Fo, (A.7) 

and we also define 

e" = e'^'efe, (A.8) 

where e"^ is a constant antisymmetric matrix satisfying eab e^'^ = —S^ that is used to 
raise and lower spinor indices according to e" = e^^'e^, and e^^ = 1. On the other 
hand the symplectic-Majorana conjugate e*" of e is defined to be 

(e^r = (e^),. (A.9) 

Symplectic-Majorana spinors are those for which ([A .81) is equal to ( [A.9|) , namely 

(e'^)'^ = e". (A.IO) 

Given four spinors ei, . . . , £4, the Fierz identity is 



1 

€i€2€3ei — - 



61646362 + 6iF^e463F^e2 - ]^eiT f.^e^e^T^'' e2 - ^6iF^^pe463F''''''e2 



(A.ll) 



- 40 - 



B. Useful projections 





0, 












0, 










rpAa p b 


2 



We give here the full set of projections satisfied by the fiducial basis spinor that we 
have employed in deriving the constraints. 

(B.l) 
(B.2) 
(B.3) 
(B.4) 
(B.5) 
(B.6) 

(B.7) 

C. Spin connection components 

The exterior derivatives of the basis one forms are given by 

de+ = e+ A (PlogL + duX) + A {-{LC)-^d,\) 

+ e+ Ae^C-^a.logL-L-^PA, (C.l) 

de- = e+ A L{-VT + -Xd^J^ - d^v + aduP) 
+ A C-^{~\d,T+d,v - ad,B - VB) 
+ e+ A e'LC-^i^-d.r - duB) 

+ Vu-^VJ^ AX-VB Aa, (C.2) 

de^ = e+ A i-CLdua) + A {d,a - VlogC) 

+ e+ Ae\-LdulogC) + CVa, (C.3) 
de' = Ve' + e+ A {-Ld^e') + A {C-^d,e'). (C.4) 

Then the full set of nonzero spin connection components is 
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u++5 = LC-\^d,J^-d^B), 

^^H — i = ^ — hi) 

u+^i = + d,v - ad,B -VB + LC^d^a) 

uj+ij = LM^ij^ + \{T>y- \vT AX-VB A a)ij, (C.6) 





{Vu - \pT AX-VB A a)ij, 






"-^5+5 


= Ldu log C 








= ^~5ii 




= {V\ogC-d,a),, 




= -C"^A[.y] - -CVaij, 



where djijk is the spin connection on the base. 
D. Integrability Conditions 



(C.7) 
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In it was shown that we may obtain the following integrability condition from 



commuting the Killing spinor equation with 5X: 
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where D denotes the gauge- covariant exterior derivative, P, Q, R are defined by 
eg s. ( P^ , ^ ■ 1 Cl| , |2 . 1 1| ) , and the dilaton, four form and two form field equations are re- 
spectively P = 0, g = 0, P^ = 0. It was also shown that the integrability condition 
for the Killing spinor equation is 
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(D.2) 



where the Einstein equations are = 0. 

When a single null Killing spinor exists one may readily verify that is is suf- 
ficient to impose the Bianchi identities for the forms, the field equations for G(4), 
the + component of the Yang-Mills field equations and the -|--|- component of the 
Einstein equations. When additional Killing spinors are incorporated, more of the 
field equations and Bianchi identities are identically satisfied; working out which ones 
may be done straightforwardly case by case. 
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